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Abstract
We give an explicit formulae for obtaining the translation symmetries in the
cartesian product XN , where N is some positive integer and X is some finite set.
Moreover, we obtain some fundamental results from elementary number theory.
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1 Introduction
Symmetry and asymmetry coexist in natural procedure. Among the many diverse def-
initions of symmetry, an object is considered symmetric if it remains invariant under
some transformation: (1) an object possesses symmetry when it has undergone a move-
ment, a shift or a slide, in a specified direction through a specified distance without any
rotation or reflection; (2) an object possesses symmetry such that it remains the same
when rotated; and (3) an object possesses symmetry when it appears exactly the same as
its mirror image. These three types are called Translation Symmetry, Rotational Sym-
metry and Reflective Symmetry. In this article, we consider a finite set X and discuss the
symmetries in the cartesian product XN of the first kind, namely translation symmetry.
Now, in order to talk about symmetries in XN , we must define what do we mean by this.
For any finite set X, an element x = (x1, x2, . . . , xN) in X
N is said to be a symmetry if
1
there exists a positive integer J < N such that xi = x(J+i) for 1 ≤ i ≤ N (If J + i > N
then x(J+i) = xk, where 1 ≤ k ≤ J and J + i ≡ k mod J). In this context, an element x
is called an asymmetry if it is not symmetry. Now, if x is a symmetry in XN such that
xi = x(J+i) for 1 ≤ i ≤ N and J is smallest, then we call the number J, the period of x. It
is evident that J | N. Observe that if we consider the set X = {1, 2} and N = 8, then for
the tuple
(x1, x2, x3, x4, x5, x6, x7, x8) = (1, 2, 1, 2, 1, 2, 1, 2)
we have xi = x(4+i) and xi = x(2+i) for all i such that 1 ≤ i ≤ 8; but the period for the
above tuple is 2 since 2 is the smallest.
Now it will be very interesting if we can find the number of all possible symmetries
in XN having period J. Observe that, the number of symmetries having period J is
exactly same as the number of asymmetries in XJ; and this dual nature enables us to
understand the behavior of the translation symmetries in the cartesian product XN and
through it, the theoremsmentioned in the above title can be deduced very easily. Further,
we give an explicit formula for obtaining the translation symmetries in the cartesian
product XN .
Throughout this note, we consider X to be a finite set containing m elements and
τm : N→ N be a function to be such that τm(J) is the number of all possible asymmetries
in XJ . With our current notation, the next theorem is the following.
Theorem 1. For any natural numbers m and N, we have mN =
∑
J|N τm(J). Further, for
any natural number J, we have J | τm(J).
Proof. Let m,N be any but fixed natural numbers. Since, the number of symmetries in
XJ having period J is exactly same as the number of asymmetries in XJ , so if we remove
all the symmetries having period J (the all proper divisors J of N) from the set XN , then
we have mN −
∑
J|N
J<N
τm(J) = τm(N), that is, m
N
= τm(N) +
∑
J|N
J<N
τm(J). Now, including
τm(N) in the sum, we get the first half of the theorem.
If x ∈ XN be a symmetry having period J, then every cyclic permutation of x gives
a symmetry having period J. Clearly there are J number of distinct symmetries cor-
responding to x. This shows that the total number of symmetries having period J is a
multiple of J. Thus we have J | τm(J). 
The Fermat’s theorem states that for any prime number p and for any natural number
m, p | mp − m. In the above theorem the divisibility of τm(J) by J gives the following
corollary which is the generalization of Fermat’s theorem.
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Corollary 2. A natural number p is prime if and only if τm(p) = m
p − m for all natural
numbers m. In particular, p | mp − m for any prime p.
Proof. At first assume that p is prime. Replacing N = p in Theorem(1), we get mp =
τm(1)+τm(p). Since for any natural number N, τm(1) equals the number of asymmetries
in X, that is, the number of all possible symmetries in XN having period 1, therefore
τm(1) = m. Thus τm(p) = m
p − m, for all natural number m.
Conversely, suppose that τm(p) = m
p−m for all natural numbersm and for some natural
number p. Then the number of symmetries in Xp becomes m. Now if p is composite
then the number of symmetries in Xp exceeds m. This is a contradiction, therefore p
must be prime. Now applying Theorem(1), we obtain p | mp − m. 
Our next theorem determines the number of all possible asymmetries in the set Xp
α
for any prime number p and any natural number α.
Theorem 3. For any prime number p and any natural number α, τm(p
α) = mp
α
−mp
α−1
.
Proof. If we choose any pα−1 tuple from the set Xp
α−1
then that tuple is either going to
be a symmetry having period J with J , pα−1 or an asymmetry in Xp
α−1
. But in both of
the cases it occurs as a symmetry in Xp
α
. So after ruling out all these elements we get
that τm(p
α) = mp
α
− mp
α−1
. 
In number theory, Euler’s totient function φ(n) counts the positive integers up to
a given integer n that are relatively prime to n. If the prime factorization of n is
p
α1
1
p
α2
2
· · · p
αt
t , then the Euler’s product formula gives φ(n) =
∏t
i=1(p
αi
i
− p
αi−1
i
). In the
following corollary, we prove the number theoretic congruence relation due to Euler.
Corollary 4. If m is relatively prime to n, then n | mφ(n) − 1.
Proof. Suppose that n = pα1
1
p
α2
2
. . . p
αt
t where pi’s are distinct primes for 1 ≤ i ≤ t.
Consider the finite set Xi containing m
si elements, where si equals
∏t
i=1(p
αi
i
−p
αi−1
i
)
(p
αi
i
−p
αi−1
i
)
. Now
combining Theorem(1) and Theorem(3), we conclude that pαi
i
dividesmsip
αi
i −msip
αi−1
i , for
1 ≤ i ≤ t. Since gcd(m, n) = 1, so p
αi
i
divides msi(p
αi
i
−p
αi−1
i
) − 1, for 1 ≤ i ≤ t. Now all pi’s
are mutually coprime, hence
∏t
i=1 p
αi
i
dividesm
∏t
i=1(p
αi
i
−p
αi−1
i
)−1, that is, n | mφ(n)−1. 
Up to now, we have obtained certain values taken by the function τm, that is,
τm(1) = m and τm(p
α) = mp
α
− mp
α−1
, for any prime number p and any natural num-
bers m, α. Our final result determines the value of τm(N) for in general N, that is the
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number of all possible asymmetries in XN , which in turn gives the number of transla-
tion symmetries in the cartesian product XM having period N, where M is any natural
number.
Theorem 5. If N = p
α1
1
p
α2
2
· · · p
αn
n , then τm(N) equals
(−1)nmp
α1−1
1
p
α2−1
2
···p
αn−1
n
+
n−1∑
j=0
∑
1≤i1<i2<...<in− j≤n
(−1) jm
pi1 pi2 ···pin− j p
α1−1
1
p
α2−1
2
···p
αn−1
n . (1)
Proof. Let N = pα1
1
p
α2
2
· · · p
αn
n , where p1, p2, . . . , pn are distinct primes. Now any li tuple
in Xli , where li = p
α1
1
p
α2
2
· · · p
αi−1
i
· · · p
αn
n for 1 ≤ i ≤ n, is either going to be a symmetry
having period J with J , li or an asymmetry in X
li . But in both of the cases it is going to
be a symmetry in XN and we denote this collection by Ai. Now the union
n⋃
i=1
Ai contains
all possible symmetries of XN . So after eliminating all these symmetries we get all
possible asymmetries, that is, τm(N) = m
N − |
n⋃
i=1
Ai|. Now the principle of inclusion and
exclusion gives the cardinality of the set
n⋃
i=1
Ai, that is,
n∑
i=1
|Ai| −
∑
1≤i< j≤n
|Ai ∩ A j| +
∑
1≤i< j<k≤n
|Ai ∩ A j ∩ Ak| − · · · + (−1)
n−1|A1 ∩ . . . ∩ An|,
where |Ai| = m
p
α1
1
p
α2
2
···p
αi−1
i
···p
αn
n , |Ai ∩ A j| = m
p
α1
1
p
α2
2
···p
αi−1
i
···p
α j−1
j
···p
αn
n , . . . , |A1 ∩ . . . ∩ An| =
mp
α1−1
1
p
α2−1
2
···p
αn−1
n . Now after substituting the respective values, we obtain (1). This com-
pletes the proof. 
Remarks : Observe that Theorem(1) and Theorem(5) are the special cases ofMo¨bius
inversion, a basic and well-known technique in Number Theory. To explain in more
detail, the Mo¨bius function µ(n) is defined as follows: µ(1) = 1, µ(n) = (−1)k if
n = p1p2 · · · pk, a product of k distinct primes and µ(n) = 0 if p
2 | n for some prime
p. The Mo¨bius inversion theorem states that if f (n) is defined for positive integer n and
g(n) =
∑
d|n f (d), then
f (n) =
∑
d|n
g(d)µ(
n
d
).
In our case, we have by Theorem(1) that mN =
∑
J|N τm(J). So, taking f (n) = τm(n) and
g(n) = mn, we have
τm(N) =
∑
d|n
mdµ(
N
d
).
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Inserting the definition of µ(n) we can obtain Theorem(5). The novelty of this article is
to explore the geometric insight, behind the two theorems mentioned in the title of this
article, through the translation symmetries in the finite cartesian product of a finite set
with itself.
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